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a b s t r a c t

Proton exchange membrane (PEM) electrolyzer have attracted increasing attention from the industrial
and researchers in recent years due to its excellent hydrogen production performance. Developing ac-
curate models to predict their performance is crucial for promoting and accelerating the design and
optimization of electrolysis systems. This work developed a Koopman model predictive control (MPC)
method incorporating fuzzy compensation for regulating the anode and cathode pressures in a PEM
electrolyzer. A PEM electrolyzer is then built to study pressure control and provide experimental data for
the identification of the Koopman linear predictor. The identified linear predictors are used to design the
Koopman MPC. In addition, the developed fuzzy compensator can effectively solve the Koopman MPC
model mismatch problem. The effectiveness of the proposed method is verified through the hydrogen
production process in PEM simulation.
© 2024 The Chemical Industry and Engineering Society of China, and Chemical Industry Press Co., Ltd. All

rights are reserved, including those for text and data mining, AI training, and similar technologies.

1. Introduction

Hydrogen plays an important role in developing an environ-
mentally friendly energy system in the future of the world.
Compared to non-renewable fossil fuels, hydrogen is used as a source
of energy or fuel and may be the ideal energy carrier [1] due to its
high energy content by mass without emitting pollutants or green-
house gases. Traditionally, hydrogen can be produced from various
sources including oil, natural gas, and coal. However, these methods
of hydrogen production are highly polluting. In today's global low-
carbon development, hydrogen production from water electrolysis
is the most promising way. Hydrogen production by water elec-
trolysis can use electrical or thermal energy generated from nuclear
or renewable sources (i.e. wind and solar) with no carbon emissions
during the process. There are three main types of water electrolysis
hydrogen production technologies, depending on the type of elec-
trolyzer: Alkaline water electrolysis (AWE), proton exchange mem-
brane (PEM), and solid oxide electrolysis cells (SOEC) [2].

The poor quality of the hydrogen produced and the need for
additional treatment are the drawbacks of AWE hydrogen produc-
tion. The expensive electrode and electrolyte materials as well as the
prolonged start-up and shutdown times are SOEC's drawbacks.

Although the PEM technique has many advantages such as
compact system design, higher hydrogen purity, faster transient
response, higher current density, and higher voltage efficiency.
However, the main disadvantages of PEM electrolyzer are the
higher cost of components and lower durability compared to the
alkaline electrolyzer [3], which severely limits the use of PEM
electrolysis. Moreover, the high-pressure operation of the electro-
lyzer facilitates the delivery of hydrogen to the end user and re-
duces the energy consumed by further compression and storage of
hydrogen. However, according to Fick's law of diffusion, gas
permeability increases significantly with increasing pressure [4].
Correa et al. [5], Han et al. [6], and Koponen et al. [3] investigated the
effect of the operating pressure on the electrolyzer performance
from aspects including energy consumption, activation over-
potential, efficiency, etc. The drawn conclusion shows that
hydrogen production could be maximized by controlling the stack
hydrogen outlet pressure as close to the storage pressure as
possible, while the specific energy consumption of the PEM water
electrolyzer increased at higher hydrogen outlet pressure. In
summary, PEM water electrolysis needs to be carried out at
appropriate operating pressures in many practical situations.

A suitable dynamic model is required to control the PEM elec-
trolyzer system to achieve optimal performance. Regarding PEM
electrolyzer modeling state of the art, the number of publications is
considerably lower when compared to fuel cell modeling. In 2006,* Corresponding author.
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the first dynamic PEM electrolysis model was introduced by
G€orgün [7]. The model was developed in Simulink and considered
the PEM electrolyzer to be composed of five ancillaries: anode,
cathode, membrane, voltage, and hydrogen storage. Abdin et al. [8]
presented an enhanced and detailed model and tested it against
published experimental results. A large number of operating pa-
rameters and empirical constants involved in PEM electrolyzer
modeling can be found in these works mentioned above, in addi-
tion to the values for various properties in Refs. [9e13]. Only a few
of the research focuses on applying the control strategy on PEM
electrolyzer to optimize the efficiency, e.g., Tabanjat et al. [14]
designed a fuzzy inference system coupled with PI controller,
which can control water temperature and maximize hydrogen
production of PEM electrolyzer. Fortunately, a large number of
available publications on fuel cell control provide useful knowledge
about the control design of electrolyzers due to certain structural
similarities between electrolyzers and fuel cells. Pukrushpan et al.
[15] presented a dynamic fuel cell systemmodel suitable for control
studies and gave the analysis of system observability. Via Puk-
rushpan's model, Kunusch et al. [16] and Matraji et al. [17] both
achieved second-order sliding mode controllers for the pressure
regulation problem taking into account several load conditions,
uncertainties, and disturbances, which inspired modeling and
control design in our study. Majumdar et al. [18] review control-
oriented PEM electrolyzer models and discussed different con-
trollers used in literature. Flamm et al. [19] derived nonlinear and
piecewise-affinemodels of the PEM electrolyzer from experimental
data, and presented the results of online experiments for the real-
time model predictive control (MPC) of an electrolyzer.

The main source of the difficulty in pressure control of PEM
electrolyzer is high nonlinearity and conflicting control objectives.
The approaches we mention above, such as PID and sliding mode
control, have disadvantages in dealing with constraints. Unlike
the traditional method, MPC is an advanced technique that is used
in diverse industrial areas to control multi-input multi-output
(MIMO) systems subject to constraints. To overcome the compu-
tational complexity of nonlinear MPC [20], industrial approaches
for MPC problems are often based on linear approximations
around equilibria, making them only effective locally and leading
to open-loop unstable during transitions. To address this, two
conventional approaches are available for solving tracking prob-
lems across a wide range of operating conditions: gain-scheduled
MPC (GSMPC) and linear parameter-varying MPC (LPV MPC) [21].
A straightforward method for obtaining an LPV model is the on-
line successive linearization at the current states based on a first-
principles model [22], and this technique will serve as a point of
reference in our study. However, these approaches require prior
physical knowledge of the nonlinear system, which is difficult to
determine. Alternatively, we might use data-driven strategies like
conventional machine learning and deep learning to build a plant
model in forms other than complex mathematical equations.
Although these methods can uncover the “black-box” mapping
from inputs to outputs, the derived models are not amenable to
linear MPC as they are nonlinear and may not be easily invertible.
Fortunately, the Koopman operator (an infinite-dimensional
operator) theory offers a data-driven approach that yields glob-
ally linear and explicit control-oriented models. In Ref. [23], the
author utilized a vector of scalar functions (observables) to lift the
nonlinear dynamics into a higher but finite dimensional space
(finite subspace of observables) where its evolution is approxi-
mately linear. By using input-output data, a process called
extended dynamic mode decomposition (EDMD) [24] is employed
to compute the approximation of the Koopman operator, which
can approximately describe the evolution of observables along
trajectories of the nonlinear dynamical system. If we assume the

outputs of the plant lie within the finite subspace of observables,
the nonlinear dynamical system has linear state-space represen-
tation (a linear predictor) in the lifted space. Thus, a linear MPC
can be designed for this state-space model. Much research on
Koopman-based MPC currently focuses on power systems [25],
chemical engineering [26], and so on.

Developing accurate analytical models for electrolysis systems
and reliable controllers based on such models is extremely difficult.
The system exhibits unmodeled nonlinearity even when linear
predictors are applied based on Koopman operators. Thus, applying
fuzzy control strategies for such a system seems appropriate since
intelligent controllers with fuzzy logic systems (FLSs) utilize human
experience more naturally than the conventional mathematical
approach [27]. Recently, tremendous advanced adaptive fuzzy
control schemes have been developed for nonlinear systems, as in
Refs. [28,29]. Tabanjat et al. [14] used a 2D FLC to determine the
appropriate water temperature set-point for the PI controller. FLC
was also used by Cano et al. [30] to generate the power input
reference for both an electrolyzer and a fuel cell in a hybrid
renewable energy system.

In this work, a fuzzy compensation-Koopman MPC (FC-KMPC)
method is developed to regulate the anode and cathode pressure of
PEM electrolyzer. Before implementing the proposed controller, we
develop a PEM electrolyzer state-space model which serves as a
virtual process to generate data for constructing Koopman linear
predictor. Then, the EDMD method is used to identify the linear
predictor and the accuracy of the identification model is validated.
Then a fuzzy logic system is built to estimate and compensate for the
current plant-model mismatch. Finally, the results of the proposed
controller are compared with the nominal Koopman MPC, neural
network model predictive control (NNMPC) [31] and successive
linearization MPC (SLMPC). The proposed FC-KMPC can effectively
compensate for the mismatch and achieve zero steady-state offset.

2. Preliminaries

Consider a discrete time-invariant nonlinear model defined as
follows:

xkþ1 ¼ f dðxkÞ
yk ¼ hðxkÞ (1)

where xk2Rnx is the system state vector, yk2Rny is the system
output or observation vector, and f d : Rnx/Rnx and h : Rnx/Rny

are vector-valued nonlinear functions.
The Koopman operator is an operator, K : F/F , that acts on

every scalar-valued functions (often referred to as observables)
g : Rnx/R belonging to the space of observables F as follows:

KgðxkÞ¼ gðxkþ1Þ¼ gðf dðxkÞÞ (2)

When F is a vector space, K is a linear operator.
The eigenvalues, li, and eigenfunctions, fi, of K are defined as

follows:

KfiðxkÞ¼ lifiðxkÞ; i¼1;2;/ (3)

Koopman eigenfunctions define a nonlinear change of co-
ordinates in which the system becomes linear.

Now, consider a vector-valued observable g : Rnx/Rng , i.e., gj2
F , j ¼ 1; /; ng . If all the elements of observable g and system

output h lie within spanffignf

i¼1 where nf could be finite or infinite,

the set of linearly independent eigenfunctions ffignf

i¼1 is a subset of
a function basis for F , then g and h can be expanded in terms of
these eigenfunctions:
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gðxkÞ ¼
Xnf

i¼1

fiðxkÞfg
i ¼ Fg

fðxkÞ;

gðxkþ1Þ ¼
Xnf

i¼1

lifiðxkÞfg
i ¼ Fg

LfðxkÞ
(4)

hðxkÞ ¼
Xnf

i¼1

fiðxkÞfh
i ¼ Fh

fðxkÞ;

hðxkþ1Þ ¼
Xnf

i¼1

lifiðxkÞfh
i ¼ Fh

LfðxkÞ
(5)

where

Fg ¼ FgðgÞ ¼
�
f
g
1 f

g
2 / f

g
nf

�
2ℂng�nf

Fh ¼ FhðhÞ ¼
�
fh
1 fh

2 / fh
nf

�
2ℂny�nf

L ¼ diag
�
l1; l2;/; lnf

�
2ℂnf�nf

fðxkÞ ¼
�
f1ðxkÞT f2ðxkÞT / fnf

ðxkÞT
�T

2ℂnf ;

where f
g
i 2Cng are the Koopman modes belonging to g, and fh

i 2

Cny are the output Koopman modes belonging to h, and the triplets
ðli;fi;f

g
i Þ, i ¼ 1;2;/;nf, are referred as Koopman tuples [32]. This

expansion is referred to as Koopman mode decomposition [33]. If
matrix Fg is invertible (nf ¼ ng), then we have the action of K on
the particular observable g, not the full action of the Koopman
operator on the entire observable space, F .

0
BBBB@

ðKg1ÞðxkÞ

«

�
Kgng

�
ðxkÞ

1
CCCCA ¼ gðxkþ1Þ ¼ AgðxkÞ

hðxkÞ ¼ CgðxkÞ

(6)

where A ¼ Fg
LðFgÞ�1 and C ¼ FhðFgÞ�1 are constant matrices

independent of xk, sinceF
g is the function of only the chosen g and

Fh is the function of only h.
Following Kutz et al. [34], suppose we have a collection of

data ðxðkÞ; x0ðkÞÞ, k ¼ 1;/; L satisfying x0ðkÞ ¼ f dðxðkÞÞ, the

EDMD computes the best-fit linear operator A2Rng�ng that
approximates (the transpose of) the infinite-dimensional Koopman
operator K:

A¼ argmin
Â

XL
k¼1

���g�x0ðkÞ�� bAg�xðkÞ����22 (7)

C¼ argmin
Ĉ

XL
k¼1

���h�xðkÞ�� bCg�xðkÞ����22 (8)

3. Koopman Operator and EDMD for Controlled Systems

Korda et al. [23] present a practical way of generalizing the
Koopman operator to a controlled system. Consider a discrete-time
nonlinear controlled dynamical system as follows:

xkþ1 ¼ f dðxk;ukÞ
yk ¼ hðxkÞ (9)

where xk2Rnx , uk2U3Rnu , yk2Rny . Then an uncontrolled
dynamical system evolving on the extended state-space is defined by

ckþ1 ¼ FdðckÞ : ¼
�
f dðxk;ukÞ; fuig∞i¼kþ1

�
(10)

where the infinite-dimensional object ck ¼ ðxk; fuig∞i¼kÞ2Rnx�
l ðUÞ is the extended state, l ðUÞ is the space of all sequences fuig∞i¼k.
The Koopman operator K : F/F associated to Eq. (10) is defined
by

KgðckÞ¼ gðFdðckÞÞ (11)

for each g : Rnx � l ðUÞ/R belonging to the space of observables F .
The EDMD algorithm assumes that a collection of data ðcðkÞ;c0

ðkÞÞ,
k ¼ 1;/; L satisfying c0

ðkÞ ¼ FdðcðkÞÞ is available and seeks a matrix

A ¼ argmin
Â

XL
k¼1

���g�c0
ðkÞ
�
� bAg�cðkÞ

����2
2

(12)

where g is a vector of observables gj : Rnx � l ðUÞ/R, j ¼ 1;/;ng . In
order to evaluate the gðcðkÞÞ in a finite time, gj’s are chosen in a
special way as follows:

gðckÞ¼
�
JðxkÞ
uk

�
(13)

where the vector of lifting functions J : Rnx/Rnj , nj þ nu ¼ ng , is
a nonlinear mapping. Since there is no need to predict future values
of the control sequence, the last nu components of

g
�
c

0
ðkÞ
�
� bAg�cðkÞ

�
in Eq. (12) can be removed. Denoting M the

first nj rows of A2ℝng�ng and decomposing this matrix such that
M ¼ ðA B Þ with A2Rnj�nj , B2Rnj�nu , leads to the problem

M ¼ argmin
M̂

XL
k¼1

���J�x0
ðkÞ
�
�cMg

�
cðkÞ

����2
2

¼ argmin
M̂

XL
k¼1

���J�x0
ðkÞ
�
� bAJ�xðkÞ �� bBuðkÞ

���2
2

(14)

In a similar way we can obtain the matrix C by solving the
problem

C¼ argmin
Ĉ

XL
k¼1

kh
�
xðkÞ
�
� bCJ�xðkÞ�k22 (15)

This leads to the predictor for the controlled system (9)

zkþ1 ¼ Azk þ Bukbyk ¼ Czk
(16)

where z2Rnj , byk is the prediction of output yk ¼ hðxkÞ. The initial
condition of the predictor is z0 ¼ Jðx0Þ.

The approach can be extended to controlled systems including
disturbances of the form

xkþ1 ¼ f dðxk;uk;wkÞ
yk ¼ hðxk;uk;wkÞ (17)

wherewk2Rnw is the disturbances. Then define the extended state
and the extended system as follows:

ck ¼
�
xk; fuig∞i¼k; fwig∞i¼k

�
(18)

H. Xiong et al. / Chinese Journal of Chemical Engineering 76 (2024) 251e263 253



ckþ1 ¼ FdðckÞ
:¼ �f dðxk;uk;wkÞ; fuig∞i¼kþ1; fwig∞i¼kþ1

� (19)

The vector of observables is

gðckÞ ¼
�
JðxkÞT uT

k wT
k

�T
(20)

The definition of Koopman operator is the same as Eq. (11).
Assume that a collection of data ðxðkÞ; x0ðkÞ; uðkÞ; wðkÞÞ, k ¼ 1;/; L

satisfying x0ðkÞ ¼ f dðxðkÞ;uðkÞ;wðkÞÞ, yðkÞ ¼ hðxðkÞ;uðkÞ;wðkÞÞ is given.

In a similar way, matrices M ¼ ðA B D Þ and My ¼ ðC F G Þ
are obtained by solving least-squares problems:

min
M̂

XL
k¼1

���J�x0
ðkÞ
�
� bAJ�xðkÞ �� bBuðkÞ � bDwðkÞ

���2
2

(21)

min
M̂y

XL
k¼1

���yðkÞ � bCJ�xðkÞ �� bFuðkÞ � bGwðkÞ
���2
2

(22)

Then the goal of constructing a linear predictor for system (17) is
achieved:

zkþ1 ¼ Azk þ Buk þ Dwkbyk ¼ Czk þ Fuk þ Gwk
(23)

with the same nitial condition z0 ¼ Jðx0Þ.
Note that the Koopman operators with different definitions

associated to systems Eq. (10) and Eq. (18) respectively all can
fully describe the dynamical systems provided that the space of
observables F contains the components of the state xi, i.e., the
mappings x/xi belong to F , i ¼ 1; /; nx. Hence, the lifting
functions ji also contain the state itself. An additional benefit
of setting jiðxÞ ¼ xi, i ¼ 1; /; nx, is the convenience when
we impose linear constraints on the state for the Koopman
MPC.

4. Control Framework

4.1. Koopman MPC design

Using the linear predictor, Koopman MPC solves at each time
instant k of the closed-loop operation the optimization problem

min
ukþijk;ykþijk

J
�n

ukþijk
oN
i¼0

;
n
ykþijk

oN
i¼0

�
s:t: zkþiþ1jk ¼ Azkþijk þ Bukþijk þ Dwkþijk;

i ¼ 0;/;N � 1
ykþijk ¼ Czkþijk þ Fukþijk þ Gwkþijk;

i ¼ 0;/;N

Eizkþijk þ Liukþijk þMiykþijk � bi;

i ¼ 0;/;N

zkjk ¼ zk;wkjk ¼ wk (24)

where N is the prediction horizon, zkþijk, ykþijk and ukþijk denote
lifted state, output, and input vectors at time step kþ i that are
predicted at time step k (i.e. predictions of their values i steps
ahead).

Stack the predicted sequences into vectors Uk2 RnuðNþ1Þ, Zk2

RnzðNþ1Þ, Yk2RnyðNþ1Þ, Wk2RnwðNþ1Þ.

Uk ¼
�
uT
kjk uT

kþ1jk / uT
kþNjk

�T
;

Zk ¼
�
zTkjk zTkþ1jk / zTkþNjk

�T
;

Yk ¼
�
yTkjk yTkþ1jk / yTkþNjk

�T
;

Wk ¼
�
wT

kjk wT
kþ1jk / wT

kþNjk
�T

Notice that measurements of the future disturbance are not
available, we assume that wkjk ¼ wkþ1jk ¼ / ¼ wkþNjk.

For compact notation, the original MPC optimization problem is
equivalent to

min
ukþijk;ykþijk

J
�n

ukþijk
oN
i¼0

;
n
ykþijk

oN
i¼0

�
s:t: Zk ¼ JAzkjk þJBUk þJDWk

Yk ¼ CZk þ FUk þ GWk

EZk þ LUk � b
zkjk ¼ zk;wkjk ¼ wk

(25)

If the control objective is to track a given reference yrkþijk, then the

convex quadratic cost function is given by

J
�n

ukþijk
oN
i¼0

;
n
ykþijk

oN
i¼0

�

¼
XN
i¼0

���ykþijk� yrkþijkk2Li
þ
XN
i¼0

���ukþijkk2Ri

¼
���Yk�Y r

kk2L þ
���Ukk2R

(26)

where

L ¼ diagðL0;/;LNÞ;R ¼ diagðR0;/;RNÞ;
Yr
k ¼

�
yrkjk

T yrkþ1jk
T / yrkþNjk

T
�T

So, the “sparse-form” MPC problem can be transformed in the
so-called “dense-form” MPC

min
Uk

s:t:
kUkk2H þ hTUk

ðEJB þ LÞUk � b� E
�
JAzkjk þJDWk

�
zkjk ¼ zk;wkjk ¼ wk

(27)

where H is positive (semi-)definite, and since the constraints are
linear, this is a convex optimization problem that has a unique
solution U*

k. Then only the first nu elements of the U*
k are inputs to

the system. The explicit expressions for the matrices of problems
(25) and (27) are given in Appendix A.

4.2. Compensation strategy based on fuzzy logic

To overcome the plant-model mismatch due to the nonlinearity
of the process, the finite-dimensional approximation to the Koop-
man operator, etc. We designed a fuzzy logic system (FLS) to
compensate for the influence of the mismatch on the controlled
variables yk. The principle is to observe the tracking error of the
actual output and the steady-state situation to correct the linear
predictor.

Assume that the tracking error ek ¼ yk � yrk is measured. If yk
and yrk converge to constants in steady state, i.e. yk/y∞, yrk/yr∞ as
k/∞, we require a compensator to determine whether the state of
the process at current time k is more like a steady or transient state,
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and the compensator is also expected to compute a proper
parameter dk and modify the output formula of the linear predictor
Eq. (23) to the following format:

byk ¼Czk þ Fuk þ Gwk þ dk (28)

or rewrite Eq. (26) as

XN
i¼0

���ykþijk þdk � yrkþijkk2Li
þ
XN
i¼0

���ukþijkk2Ri
(29)

Obviously, if the process achieves a steady state, the parameter
shall satisfy dk ¼ � e∞ ¼ yr∞ � y∞, otherwise the parameter shall
satisfy dk ¼ 0. Considering the possibility of frequent changes in
the operating conditions, it is necessary to provide an update
method for the parameter as follows:

dk ¼ skdk�1 � akek (30)

where sk2S ¼ ½0; 1�, ak2A ¼ ½0; 0:1�, skz1 and stepsize ak > 0
means being steady, sk ¼ ak ¼ 0 means being transient. In this
study, sk;ak are chosen as the outputs of the FLS.

Given that the FLS is required to determine the current state by
analyzing the magnitude of the input value, we choose the norm of
derivates such as

nk¼

�������������

0
BBBBBBB@

ffiffiffiffiffiffi
R0

p du
dtffiffiffiffiffiffi

L0
p dy

dtffiffiffiffiffiffi
L0

p de
dt

1
CCCCCCCA

�������������
2

2N ¼ ½0;1� (31)

to be the input of the FLS. When nk exceeds tolerance, the process is
considered to be transient.

Additionally, if the FLS is in compensation mode, the tolerance
shall be greater to avoid oscillation due tomodel modification. Thus
the mode mk (1 for compensation and 0 for idle) is introduced:

mk ¼


1; sk�1 >0:5
0; sk�1 � 0:5 2M¼½0;1� (32)

Hence the FLS has inputs nk;mk and outputs sk; ak. The mem-
bership functions for these variables are given in 1.

In Fig. 1(a), a point nk2N has three membership values:
mAZðnkÞ, mPSðnkÞ and mPMðnkÞ. mAZð ,Þ, mPSð ,Þ, and mPMð ,Þ repre-
sent the membership functions for the norm of derivatives
being “approximately zero”, “positive small”, and “positive
medium”, respectively. In order to briefly summarize the fuzzy
logic rule base, simplified statements are used, for instance, “nk
is N AZ" means “nk ¼ 0 with a certain grade mAZðnkÞ" or “nk
belongs to N with a membership value mAZðnkÞ" etc. Also,
similar notation for mk, sk and ak is employed. Then the fuzzy
logic rule base for mismatch compensating application is
written as

Rð1Þ: IF nk is N LZ

THEN sk is Ssteady ;ak is APMð0:2Þ;
Rð2Þ: IF nk is N PS ANDmk isMon

THEN sk is Ssteady ;ak is APS ð0:2Þ;
Rð3Þ: IF nk is N PS ANDmk is Moff

THEN sk is Stransient ;ak is ALZ ð1Þ

Rð4Þ: IF nk is N PM

THEN sk is Stransient ;ak is ALZ ð1Þ (33)

Note that the rule weights are applied to the rules. The weight
must be a number between 0 and 1, and is generally left as 1. Then,
in the defuzzification module, the weighted average formula [35]
can be used to obtain the realistic outputs sk and ak.

The structure of the system with the FC-KMPC is presented in
Fig. 2.

5. Model for PEM Electrolyzer

In this section we present the dynamic model of PEM electro-
lyzer with a state-space presentation, five ancillary dynamics of
PEM electrolyzer, and finally the control objective.

5.1. Dynamic model

In this study, the state space equations of the electrolyzer can be
expressed as follows.

_x ¼ f ðx;u;wÞ
y ¼ hðx;u;wÞ (34)

where

x¼

0
BBBBBBBBB@

NO2

Nan
H2O

NH2

Ncat
H2O

Pb

1
CCCCCCCCCA
;u¼

0
BBBBBB@

_N
an;in
H2O

Pan;out
Pcat;out
Iel

1
CCCCCCA
; y¼

0
BBBBB@

Pan
Pcat
Vel

_N
out
H2

1
CCCCCA;w¼ Tel

For the sake of convenience and simplicity, it is assumed that the
measure of the outputs y, the states x, the control inputs u and
disturbances w are available at current time instant. To obtain the
discrete-time dynamics xkþ1 ¼ f dðxk;uk;wkÞ, we discrete the scaled
dynamics using the Runge-Kutta four method with discretization
period Ts.

5.2. Anode ancillary

We use the notations NO2
;Nan

H2O
ðmolÞ to denote the numbers of

moles of oxygen and water at the anode. The material balance
equations for the anode ancillary are given by

_NO2
¼ _N

in
O2

� _N
out
O2

þ _N
gn
O2

_N
an
H2O ¼ _N

an;in
H2O � _N

an;out
H2O � _N

mem
H2O � _N

cons
H2O

(35)

where _N
in
O2
; _N

an;in
H2O ; _N

out
O2

; _N
an;out
H2O (mol,s�1) are anode inlet and outlet

molar flow rates of oxygen and water respectively. One should note

that _N
in
O2

is zero because only input is water. _N
mem
H2O (mol,s�1) is the

molar flow rate of membrane water (water from anode to cathode

through the membrane), _N
cons
H2O (mol,s�1) is the molar flow rate of

water consumed at the anode.
The rate of oxygen generated is

_N
gn
O2

¼nIcell
4F

hF (36)
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Fig. 2. Structure of the system with the FC-KMPC.

Fig. 1. Membership functions for the FLS inputs and outputs.
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where n is the number of the electrolyzer cells, Icell (A) is the cell
current, F ¼ 96485 C,mol�1 is the Faraday constant, hF ¼ 0:99 is
Faraday efficiency.

The current through the cell is assumed to be uniformly
distributed

Icell ¼ iA (37)

where i (A,m�2) is the current density and A ¼ 5� 10�3 m2 is the
active area of the membrane electrode assembly (MEA).

pO2
¼NO2

RTel
Van

(38)

panH2O ¼Nan
H2O

RTel
Van

(39)

where R ¼ 8:3144 J,mol�1,K�1 is the universal gas constant, Tel (K)
is the electrolyzer cell temperature, Van ¼ 0:05 m3 is the anode
volume, and the total anode pressure Pan (Pa) is

Pan ¼pO2
þ panH2O (40)

The oxygen mole fraction at the anode outlet is as follows:

yO2
¼ NO2

NO2
þ Nan

H2O
¼ pO2

pO2
þ panH2O

¼ pO2

Pan
(41)

If the pressure difference across the nozzle is small, the anode
total outlet flow rate Wan;out (kg,s�1) is given as follows:

Wan;out ¼ kan;out
�
Pan � Pan;out

�
(42)

where kan;out (kg,Pa�1,s�1) is the nozzle outlet flow constant of the
anode side, Pan;out (Pa) is the anode out pressure.

The anode outlet mass flow rates of oxygen and water are given
as follows

Wout
O2

¼MO2
_N
out
O2

¼ xO2
Wan;out (43)

Wan;out
H2O

¼MH2O
_N
an;out
H2O ¼ �1� xO2

�
Wan;out (44)

whereMO2
andMH2O (kg,mol�1) are the molar mass of oxygen and

water, respectively. The oxygen mass fraction xO2
is calculated from

xO2
¼ yO2

MO2

yO2
MO2

þ �1� yO2

�
MH2O

(45)

5.3. Cathode ancillary

Similarly, the notations NH2
;Ncat

H2O
(mol) denote the numbers of

moles of hydrogen and water at the cathode. The material balance
equations for the cathode ancillary are given by

_NH2
¼ _N

in
H2

� _N
out
H2

þ _N
gn
H2

_N
cat
H2O ¼ _N

cat;in
H2O � _N

cat;out
H2O þ _N

mem
H2O

(46)

where _N
in
H2
; _N

cat;in
H2O ; _N

out
H2

; _N
cat;out
H2O (mol,s�1) are cathode inlet and

outlet molar flow rates of hydrogen and water respectively.
_N
in
H2
; _N

cat;in
H2O are equal to zero since there is no inflows.

The rate of hydrogen generated is

_N
gn
H2

¼nIcell
2F

hF (47)

The partial pressures of the species (hydrogen and water) at the
cathode are

pH2
¼NH2

RTel
Vcat

(48)

pcatH2O ¼Ncat
H2O

RTel
Vcat

(49)

where Vcat ¼ 0:05 m3 is the cathode volume, and the total cathode
pressure Pcat (Pa) is

Pcat ¼ pH2
þ pcatH2O (50)

The hydrogen mole fraction at the cathode outlet is as follows:

yH2
¼ NH2

NH2
þ Ncat

H2O
¼ pH2

pH2
þ pcatH2O

¼ pH2

Pcat
(51)

The cathode total outlet flow rate Wcat;out (kg,s�1) is

Wcat;out ¼ kcat;out
�
Pcat � Pcat;out

�
(52)

where kcat;out (kg,Pa�1,s�1) is the cathode outlet flow constant,
Pan;out (Pa) is the anode out pressure.

The cathode outlet mass flow rates of hydrogen and water are
given as follows

Wout
H2

¼MH2
_N
out
H2

¼ xH2
Wcat;out (53)

Wcat;out
H2O

¼MH2O
_N
cat;out
H2O ¼ �1� xH2

�
Wcat;out (54)

where MH2
is the molar mass of hydrogen. The hydrogen mass

fracton xH2
is calculated from

xH2
¼ yH2

MH2

yH2
MH2

þ �1� yH2

�
MH2O

(55)

5.4. Membrane ancillary

The material balance equation for the membrane ancillary is
given by

_N
mem
H2O ¼ _N

eod
H2O þ _N

diff
H2O � _N

pe
H2O (56)

In practice, electro-osmotic drag is the dominant mechanism. This
water transportation can be expressed as

_N
eod
H2O ¼nd

nIcell
F

(57)

where nd is the electro-osmotic drag coefficient which is given as

nd ¼0:0029l2mem þ 0:05lmem � 3:4� 10�19 (58)

where lmem is the arithmetic mean of both membrane content l’s
for the anode and the cathode which are calculated by their own
water activities.

Water diffusion through the membrane is given from Fick's first
law of diffusion as follows:
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_N
diff
H2O ¼

DwAn
�
Cmem;cat
H2O

� Cmem;an
H2O

�
dmem

(59)

where Dw (m2,s�1) is the water diffusion coefficient, dmem ¼ 2�
10�4 m is the membrane thickness, and Cmem;an

H2O
;Cmem;cat

H2O
(mol,

m�3) are the water concentration at the anode and cathode surface
of the membrane respectively.

The rate of water transport from the cathode to the anode across
the membrane depends on the pressure gradient and this phe-
nomenon can be evaluated by Darcy's law:

_N
pe
H2O ¼KDarcyAnrH2OðPcat � PanÞ

dmemmH2OMH2O
(60)

where KDarcy ¼ 1:58� 10�18 m2 is the membrane permeability to
water and mH2O ¼ 1:1� 10�3 kg,m�1,s�1 is the viscosity of water.

5.5. Voltage ancillary

The cell voltage in a PEM electrolyzer can be expressed as

Vcell ¼Voc þ Vact þ Vohm (61)

The open-circuit voltage can be derived from the Nernst equation

Voc ¼ E0 þ
RTel
2F

ln
�
pH2

ffiffiffiffiffiffiffiffi
pO2

p �
(62)

where E0 is the reversible potential.
The reversible potential can be expressed as

E0 ¼
DG
2F

¼DH
2F

�DS
2F

Tel
¼ 1:229� 0:0009ðTel �298:15Þ (63)

where DG ðJ,mol�1Þ is the Gibbs free energy, DS ¼ 163:1 J, mol�1,
K�1 is the entropy chance, DH ¼ 2:8584� 105 J, mol�1 is the
enthalpy change.

The activation over-potential of the anode and cathode can be
obtained by

Vact ¼ RTel
2aanF

sinh�1
�

i
2i0;an

�
þ RTel
2acatF

sinh�1
�

i
2i0;cat

�
(64)

where the charge transfer coefficients are taken as aan ¼ 0:5 and
acat ¼ 0:5, the exchange current density can be accepted as i0;an ¼
2� 10�3 A,m�2 and i0;cat ¼ 2� 103 A,m�2.

The ohmic over-potential is calculated by

Vohm ¼ iRohm ¼ i
dmem

smem
(65)

where Rohm is the membrane resistance, smem is the conductivity of
the membrane which is calculated as follows:

smem ¼ð0:00514lmem �0:00326Þexp
�
1268

�
1

303
� 1
Tel

��
(66)

In our study, we assume the PEM electrolyzer cells is connected in
series, the operating voltage and current of the electrolyzer can be
expressed as

Vel ¼nVcell (67)

Iel ¼ Icell (68)

The series configuration is useful when higher voltage is required.

5.6. Storage ancillary

Produced hydrogen by electrolyzer is stored in bottle. Constant
H2 flow fills up the bottle until its pressure reaches up the electro-
lyzer cathode pressure. The dynamics of the storage is obtained as
follows:

_Pb ¼ z
_N
cat;out
H2O RTb

Vb
(69)

where z is the compressibility factor of the hydrogen, which is a
function of temperature and pressure [36].

5.7. Control objective

The control problem addressed in this study is the regulation of
the anode and cathode pressures such that:

Pan ¼ Pran
Pcat ¼ Prcat

(70)

Additionally, the following process constraints for variables are
applied to the optimal control problem:

Pan;out � Pan
Pb � Pcat;out � Pcat

0 � _N
an;in
H2O � 0:5

0 � Pan;out � 3� 105

0 � Pcat;out � 3� 105

0 � Iel � 50
323:15 � Tel � 353:15

(71)

6. Simulation Results

6.1. Open-loop prediction

Aim to employ EDMD scheme to identify the linear predictor
(23) for system (34), we discretize the system with period Ts ¼ 0:2
and simulate Ntraj ¼ 1000 trajectories over Nsim ¼ 100 sampling
periods. The state, input, output, and disturbance data are collected.
The control and disturbance input trajectories are randomly
generated according to the physical constraints (71).

In order to increase the simulation robustness, the elements of x,
y, u, and w are scaled to ½ � 1; 1�, then the lifting functions are
chosen as

JðxÞ¼

0
BBBBB@

x���x� c1k22 ln
���x� c1k2

«���x� cNrbf
k22 ln

���x� cNrbf
k2

1
CCCCCA (72)

where the parameters of the radial basis function (RBF)
ci2½�1;1�nx , i ¼ 1;/;Nrbf , are generated randomly. HereNrbf ¼ 60.
The procedure is performed in EDMD, and the linear predictor is
obtained.
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For the sake of model validation, randomly generated
input trajectories in Fig. 3 and the disturbance trajectory in
Fig. 4 are applied to the PEM electrolyzer. Then the output
trajectories from system (34), the linear predictor (23), the
predictor based on the neural network, and the predictor based
on local linearization of the dynamics at the initial condition x0 are
compared in Fig. 5. We include more details about constructing the
neural network and implementation of NNMPC in Appendix B.

For a sequence of predicted output fbykgNsim
k¼1 and sequence of actual

outputfykgNsim
k¼1, the relative rootmeansquareerror (RRMSE)definedas

RRMSE¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPNsim

k¼1

��byk � ykk22
PNsim

k¼1

��ykk22

vuuuuuuut (73)

is used to evaluate the estimation accuracy. The linear predictor
(23) and the predictor based on the neural network obtains an
RRMSE of 0.0847 and 78.3716, respectively.

Although it is observed that the prediction of the lifting-
based Koopman predictor properly follows the process dynamics,
a plant-model mismatch between the trajectories still exists.

6.2. Closed-loop control

Based on the linear predictor derived from EDMD, we design a
Koopman MPC incorporating fuzzy logic for reference tracking of
the PEM electrolyzer under the randomly generated disturbance
as shown in Fig. 6, Fig. 7 presents the closed-loop trajectories of
the output variables induced by the nominal Koopman MPC,
NNMPC (see Appendix B), SLMPC, and proposed FC-KMPC
schemes.

It is observed that the output trajectories induced by the nom-
inal Koopman MPC sometimes could not reach the reference value,
while the proposed controller and SLMPC (requires linearization
model at run timewhich can be unrealistic) can always regulate the
anode pressure and cathode pressure to the set-points, since the
fuzzy strategy can compensate for the influence of the plant-model
mismatch effectively.

Fig. 3. Input trajectories for model validation.
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Fig. 4. Disturbance (electrolyzer temperature) trajectory for model validation.

Fig. 5. Output trajectories of the true dynamics and predictors.

Fig. 6. Disturbance (electrolyzer temperature) trajectory of closed-loop control.
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7. Conclusions

This paper aims to develop a control-oriented model of PEM
electrolyzer and achieve pressure regulation via the proposed FC-
KMPC scheme. The first step in implementing the proposed
controller involved creating a virtual process using a state-space
model of the PEM electrolyzer to generate data for constructing a
Koopman linear predictor. This model is then used with the EDMD
method to identify the linear predictor and its accuracy was vali-
dated. A fuzzy logic system is then developed to estimate and
compensate for any plant-model mismatches. The performance of
the proposed controller is compared to that of the nominal Koop-
man MPC, NNMPC, and successive linearization MPC (SLMPC), and
it is found that the FC-KMPC is able to effectively compensate for
any mismatch and achieve zero steady-state offset.
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Nomenclature

M molar mass, kg$mol�1

_N mass flow rate, kg$s�1

P, p pressure, partial pressure, Pa
T temperature, K
V voltage, potential, V
W mass flow rate, kg,s�1
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Appendix A. Explicit Expressions for Matrices of MPC
Problem

The matrices in the “compact” and “dense-form” MPC problem
are given by

JA ¼

0
BBBBBBBBBBBB@

Inz

A

A2

«

AN

1
CCCCCCCCCCCCA
;JB ¼

0
BBBBBBBBBBBB@

0 0 / 0 0

B 0 / 0 0

AB B / 0 0

« « 1 « «

AN�1B AN�2B / B 0

1
CCCCCCCCCCCCA
;

JD ¼

0
BBBB@

0 0 / 0 0
D 0 / 0 0
AD D / 0 0
« « 1 « «

AN�1D AN�2D / D 0

1
CCCCA;

C ¼ INþ15C; F ¼ INþ15F; G ¼ INþ15G;
E ¼ diagðE0;/;ENÞ; L ¼ diagðL0;/; LNÞ;
M ¼ diagðM0;/;MNÞ;b ¼

�
bT0 bT1 / bTN

�T
E ¼ E þMC; L ¼ LþMF;b ¼ b�MGWk

H ¼ ðCJB þ FÞTLðCJB þ FÞ þ R

h ¼ 2ðCJB þ FÞTL
h
CJAzkjk þ ðCJD þ GÞWk � Y r

k

i

Appendix B. Predictor Based on Neural Network and NNMPC
Framework

To construct the input to the network, the states x, the control
inputs u and disturbances w are formed into the input

r ¼ � xT uT wT
�T to the network. The network consists of a

simple two-layer feedforward network with n⋄ ¼ 20 units in the
hidden layer. The input to each activation is represented using q⋄
and the output of the activation using a⋄, where ⋄ represents the
layer number (note that the counting index ⋄ starts with the first
hidden layer up to the output layer). As shown below, the network
can include a variety of nonlinear activation functions, where
act⋄ðq⋄Þ represents the activation function at a given layer. WNN;⋄

are the network weights and bNN;⋄ are the network biases. The

output of the network a2 ¼ � x0T yT
�T consists of the successor

state of the system x0 ¼ f dðx;u;wÞ and system output y ¼ hðx; u;
wÞ.

q1 ¼ WT
NN;1r þ bNN;1

a1 ¼ act1ðq1Þ
q2 ¼ WT

NN;2a1 þ bNN;2
a2 ¼ act2ðq2Þ

Types of activation functions used in the hidden layer and
output layer are different. All hidden layers usually use the tanh
activation function. However, the output layer will typically use the
linear activation function from the hidden layers.

act1ðqÞ ¼ tanhðqÞ ¼ 1� expð�2qÞ
1þ expð�2qÞ

act2ðqÞ ¼ purelinðqÞ ¼ q

The data xðkÞ; x0ðkÞ;uðkÞ;wðkÞ; yðkÞ used to train the network is the

same as the data used to approximate matrix of the Koopman
operator (see Eq. (21) and Eq. (22)). The network is optimized using
the gradient descent optimization algorithm with momentum.
Including the neural network model in the optimization results in
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the following neural network model predictive control (NNMPC)
problem:

minukþijk ;ykþijk J
�n

ukþijk
oN
i¼0

;
n
ykþijk

oN
i¼0

�

s:t:

 
xkþiþ1jk
ykþijk

!
¼ fNN

0
B@
0
B@

xkþijk
ukþijk
wkþijk

1
CA
1
CA; i ¼ 0;/;N

Eizkþijk þ Liukþijk þMiykþijk3bi; i ¼ 0;/;N

zkjk ¼ zk;wkjk ¼ wk
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